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We study the elastic scattering of atomic argon by electron in the presence of a bichromatic laser
field in the second Born approximation. The target atom is approximated by a simple screening
potential and the continuum states of the impinging and emitting electrons are described as Volkov
states. We evaluate the S-matrix elements numerically. The dependence of differential cross section
on the relative phase between the two laser components is presented. The results obtained in the
first and second Born approximation are compared and analysed.
PACS numbers: 34.80.Qb; 32.80.Wr; 34.50.Rk; 34.80.Bm
The process of multiphoton free-free transitions
(MFFT) was firstly studied by Bunkin and Fedorov [1],
and has attracted much attention in physical commu-
nity. Summaries of these investigations were presented
in the book by Mittleman [2] and some reviews [3, 4].
The theoretical work treating the laser radiation clas-
sically with a single frequency ω, or some narrow band
multi-mode approximation has yielded prefect agreement
with the experiments by Weigngarshofer [5]. With the
development of laser technology, the atomic and molec-
ular processes assisted or induced by powerful and new
kinds of laser fields have been researched, especially for
the case by multicolor laser. Free-free transitions in a
powerful bichromatic laser field has become feasible ex-
perimentally to coherently control the phase between the
two components of the radiation field. A considerable
body of research work has concentrated on the coher-
ent phase control (CPC) of the elastic stattering pro-
cesses [6–18]. In such mentioned papers, the multiphoton
processes were treated in the first Born approximation
(FBA), while in this letter, we carried out the calcula-
tion in the second-order Born approximation (SBA) and
compared the results with that in the FBA formation.
Atomic units h¯ = m = e = 1 are used throughout.
Considering that in a laser beam the density of ra-
diation quanta is so large that the depletion of this
beam by emitting or absorbing quanta from it is neg-
ligible, then the laser field is treated classically in our
model. Hence, the bichromatic laser field is described
as a classical electromagnetic field with the fundamen-
tal frequency ω and its second harmonic 2ω, i.e., E(t) =
E◦[sinωt + sin(2ωt + ϕ)], where E◦ is the electric field
amplitude and the relative phase ϕ can be arbitrarily
changed.
The target atom is described by a screening potential
[19]:
V (r) = −
Z
r
3∑
i=1
Ai exp(−αir), (1)
where r denotes the position of the electron with respect
to the nucleus, and Z is the nuclear charge number. For
argon, A1 = 2.1912, A2 = −2.8252, A3 = 1 − A1 − A2,
α1 = 5.5470, α2 = 4.5687, and α3 = 2.0446.
The scattering matrix for the laser-assisted free-free
transition in the second Born approximation reads:
S<2>fi = S
(1)
fi + S
(2)
fi , (2)
where
S
(1)
fi = −i〈χkf |V |χki〉. (3)
Here χki and χkf are the states of the electrons in the
initial and final channels, described by the Volkov wave
function:
χki,f = exp(iki,f · r) exp
[
−iEi,f t−
i
ω2
ki,f · E◦ sinωt
]
exp
[
−
i
4ω2
ki,f · E◦ sin(2ωt+ ϕ)
]
, (4)
where ki,f are the wave vectors of incident and scattered
electrons, andEi,f are the corresponding kinetic energies.
Using the potential of Eq. (1) and the wave functions
in Eq. (4), the first term of the S<2>fi can be recast as:
S
(1)
fi = −2pii
∑
l
T
(1)
fi (l)δ(Ef − Ei + lω). (5)
T
(1)
fi (l) is the ionization amplitude accompanying the ex-
change of l photons with the laser field (l > 0 for emis-
sion, and l < 0 for absorption),
T
(1)
fi (l) = Bl(λ,
1
4
λ, ϕ)V (kf,i), (6)
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Fig. 1: (a) The DCS versus ϕ for elastic electron-argon scat-
tering with emission of one photon (l = 1). The scattered
angle of emitting electron is θ = 13◦. The kinetic energies
of the incident electron is Ei = 9.5 eV. Solid curve: SBA
results; dashed curve: FBA results. (b) The same as (a), but
for the case with one photon absorption (l = −1).
in which
V (kf,i) =
∫
dre−i(kf−ki)·rV (r). (7)
Clearly it is just the Fourier transformation of the poten-
tial. The other term has the form:
Bl(λ,
1
4
λ, ϕ) =
∞∑
n=−∞
Jl−2n(λ)Jn(
1
4
λ) exp(−inϕ), (8)
which is the generalized Bessel function with λ = (kf −
ki) · E0/ω
2. Jn is the ordinary Bessel function.
The second term of SBA matrix is:
S
(2)
fi = −i
∫
dr
∫
dr′
∫
∞
−∞
dt
∫
∞
−∞
dt′χ∗
kf
(r, t)
V (r)G(r, t; r′, t′)V (r′)χki(r
′, t),
where G(r, t; r′, t′) is the Green function:
G(r, t; r′, t′) = −
i
(2pi)3
∫
dkχk(r, t)χ
∗
k(r, t)u(t− t
′).
(9)
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Fig. 2: (a) The parameters are the same as Fig. 1 except for
the number of the exchanged photons. For (a), l = 2, while
for (b), l = −2. Solid curve: SBA results; dashed curve: FBA
results.
Here u(t− t′) is the step function.
Using Eq. (4) and Eq. (9), we obtain:
S
(2)
fi = −2pii
∑
l
T
(2)
fi (l)δ(Ef − Ei + lω), (10)
where the photon-number-resolved transition amplitude
can be expressed as:
T
(2)
fi (l) =
1
(2pi)3
∑
m
∫
dk
1
Ei − E −mω + iη
V (kf ,k)V (k,ki)Bm(λ1,
1
4
λ1, ϕ)
Bl−m(λ2,
1
4
λ2, ϕ), (11)
where η is a small positive quantity.
So we can obtain the SBA scattering amplitude:
T<2>fi (l) = T
(1)
fi (l) + T
(2)
fi (l). (12)
The differential cross sections (DCS) for the net ex-
change of l photons between the colliding system and
the bichromatic laser field can be described as:
dσ
dΩ
= (
1
2pi
)2
kf
ki
|T<2>fi (l)|
2. (13)
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Fig. 3: The parameters are the same as Fig. 2 except for
the impact energy. In this figure, the energy of the incoming
electron is Ei = 19.5 eV. Solid curve: SBA results; dashed
curve: FBA results.
For numerical calculation, we studied the dependence
of differential cross section for electron-argon atom scat-
tering on the relative phase angle ϕ between the two laser
components under the geometry of the experiment by
Weingartshofer [5]. The angle between the polarization
vector E and the momentum of the incident electron ki
is φ = 38◦, the momentum kf of the scattered electron
is in the plane defined by the polarization vector E and
ki. The bichromatic laser parameters are ω = 0.117 eV
and E0 = 2.7× 10
8 V/cm.
In Fig. 1, we show the DCS versus the phase angle
ϕ. The CPC effects are not very apparent for one pho-
ton exchange process. The distribution of the control-
ling effect is centered on ϕ = 180◦. Such phenomenon
is more distinct for the processes with more than one
photons transfer which could be seen clearly in the fol-
lowing two figures. This may attribute to the fact that
the generalized Bessel function satisfies the relationship
[4]: B−l(a, b, ϕ) = (−1)
lB∗l (a, b, ϕ − pi). Moreover, the
results have some prominent improvements in the second
Born approximation. This indicates that the interme-
diat states have significant contribution to the collision
processes.
Figure 2 displays the DCS versus ϕ for two photons
transfer. As is depicted in the figure, the DCS for l = ±2
are much smaller than l = ±1. This demonstrates that
the probability of two photons transfer between laser field
and the colliding system is small. With the increase of
|l| (not presented here), the DCS becomes smaller and
smaller. For the case with two photons emission (l = 2),
more electrons are emitted at θ = 13◦ when the phase
difference between the laser components is near ϕ = 180◦
where the CPC effect reaches the maximum; while for l =
−2, the situation is inverse. The second-order corrections
are still distinct, and for different ϕ, the contribution of
the intermediate states are almost the same.
In Fig. 3, we show the influence of the impact en-
ergy on the collision process. It is evident that the DCS
becomes larger when the energy of the incident electron
increases and the CPC effects are more prominent.
In summary, the electron-argon elastic scattering in a
bichromatic laser field is investigated in the second Born
approximation. The dependence of DCS on the relative
phase is analysed. The DCS are significantly improved in
the second Born approximation. We attribute it to the
contributions of the intermediate states.
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